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Optimal harvesting policy for the
Beverton—Holt quantum difference model

MARTIN BOHNER AND SABRINA STREIPERT

ABSTRACT. In this paper, we introduce exploitation to the Beverton—
Holt equation in the quantum calculus time setting. We first give a brief
introduction to quantum calculus and to the Beverton—Holt g-difference
equation before formulating the harvested Beverton—Holt ¢-difference
equation. Under the assumption of a periodic carrying capacity and
periodic inherent growth rate, we derive its unique periodic solution,
which globally attracts all solutions. We further derive the optimal
harvest effort for the Beverton—Holt g¢-difference equation under the
catch-per-effort hypothesis. Examples are provided and discussed in
the last section.

1. INTRODUCTION

Beverton and Holt introduced their population model in the context of
fisheries [3] in 1957 as

vKz,
K+ -1z,

where zg > 0, v > 1 is the inherent growth rate, and K > 0 is the carrying
capacity.

The model is applied in various fields such as biology, economy and so-
cial science, see [2, 3, 18, 15|. To achieve a more realistic presentation of
population dynamics, additional assumptions have been added to the tradi-
tional model such as contest competition [12], within-year resource limited
competition [14], and survivor-rates [13]. In [17]|, the authors considered
modifications of the Beverton-Holt model and the authors of [16] discussed
the sigmoid Beverton—Holt model.

In [11], the authors investigated (1) on time scales. Recently, assuming a
periodically forced environment and periodic growth rate, (1) was analyzed
and the Cushing-Henson conjectures for the case of periodic coefficients were
discussed in [7].
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40 OpTIiMAL HARVESTING PoLICY

In [10], the authors discussed the Beverton-Holt equation with exploita-
tion that reads as

KTL n
2) (1 + o)1 = Inn

Ky + (v — Dy’

where h represents the harvest effort.
The following theorems were proved in [10].

Theorem 1.1 (See [10]). Assume
K:Ng — RT is w-periodic,
(3) a:Ng — RT is w-periodic and 0 < o, < 1 for all n € Ny,

h : Ng — RT is w-periodic and 0 < h, < 13371 for all n € Ny.

Then (2) has a unique w-periodic solution which globally attracts all its so-
lutions.

Theorem 1.2 (See [10]). Assume (3) and (in order to guarantee a nonneg-
ative harvest effort)

K§< 1+ 1= anst .
K, ~ 0l+vI—a)VvI—an
The optimal harvest effort for (2) is

I A
iﬁ=@<1®bﬂ0 @(2a ) @KA

2 10(—a)

a

and the maximal harvest yield over one period is

w—1 /1 2 w—1 2
5 3 O (—9y) (1-/1-ay)
Yw):Ejbcvj)KQZE: — K.
3=0 J j=0 J

In this paper, we include exploitation to the periodically forced Beverton—
Holt equation in the quantum calculus setting, which is classically defined
" V(1)K ()2 (1)

K(t) + (v(t) — Da(t)’
where zg > 0, and v, K : ¢"0 — R are the inherent growth rate and carrying
capacity, respectively.

In [4], the authors analyzed the solution of classical quantum Beverton—
Holt model for one-periodic growth rate v and also discussed the Cushing—
Henson conjectures for the case of a one-periodic inherent growth rate. The
case of a one-periodic inherent growth rate for the ¢-difference equation cor-
responds to a constant inherent growth rate in the classical Beverton—Holt
differential /difference equation. In [8, 9], the Beverton-Holt g-difference
equation, assuming periodic growth rate and periodic carrying capacity, as
investigated and formulations related to the Cushing—Henson conjectures

z(qt) =
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were presented. In this work, we continue the discussion of the Beverton—
Holt g-difference equation from an economical perspective by including ex-
ploitation by a catch-per-effort hypothesis. We formulate the model and
derive its periodic solution, which is shown to be globally asymptotically
stable. Further, the maximum sustainable yield for the harvested Beverton—
Holt g-difference equation is derived.

2. SOME QUANTUM CALCULUS ESSENTIALS

In this section, we provide some quantum calculus prerequisites. Through-
out, let ¢ > 1.

Definition 2.1 (See [5, Definition 1.1]). The forward jump operator
o : ¢No — ¢No is defined by

o(t):=qt, teqgv.
Definition 2.2 (See [5, Definition 2.25]). A function p : ¢"° — R is called
regressive provided
14 u(t)p(t) #0  for all t € ¢°, where pu(t) = o(t) —t = (¢ — 1)t.

The set of all regressive functions is denoted by R. Moreover, p € R is called
positively regressive, denoted by p € R™, if

14 u(t)p(t) >0 for all t € g™,
Using the introduced function p, the derivative can be defined as follows.

Definition 2.3. The derivative of a function f : ¢"0 — R is given by

fle@®) = f@) _ flat) = f(t) N
A1) = = for all t € ¢ °.
© p(t) (¢ —1)t
Definition 2.4 (See [4]). Let p € R and s € ¢"°. The exponential function
is defined by

ep(t,s) = J[ (+(g—Dkp(k)) forallt € ¢ Owitht > s,
ke[s,t)nNgMo
ep(s,s) =1, and ep(t, s) = ﬁ for t < s.

It is not hard to show that the following property holds.
Theorem 2.1. If p € R, then ey(t, s) = e,(t,7)e,(r, s) for all s, t,r € ¢"°.

Theorem 2.2 (See [5, Theorem 2.44]). If p € RT and ty € ¢"°, then
ep(t,to) >0 for all t € g0,

Theorem 2.3 (See [5, Theorem 2.62]). Suppose p € R. Let tg € ¢"° and
yo € R. The unique solution of the initial value problem

y® =pt)y, ylto) =yo
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s given by
y= ep(‘,to)y().

The integral in quantum calculus is defined in the following way.

Definition 2.5 (See [4, Definition 2.6]). Let m, n € Ny with m < n. For
f: ¢V = R, we define

q" n—1
[ rwat=a-1 Y 1),
qm k=m

Theorem 2.4 (See [5, Theorem 2.36 and 2.39]). If p € R and a,b,c € ¢"°,
then

b
(4) / P(t)ep(t, VAL = e(b,¢) — ep(a,c),

©) [ pen(e,o 01 = epe.0) ~ eyl
In particular in the last section, the following operations will be used.
Definition 2.6 (See [6, p. 10]). Define the “circle plus" addition on R as
(p ® q)(t) = p(t) + q(t) + (¢ — Dtp(t)q(t),
and the “circle minus" subtraction as

p(t) —q(t)
(roq(t) = 1+ (q— 1)tQ(t)'

Theorem 2.5 (See [6, Theorem 1.39]). If p,q € R, then
(6) epamq(t,s) = ep(t, s)eq(t, s),

b

ep(t,s)

Besides the circle plus and circle minus operation, a circle dot operation
is defined.

Definition 2.7 (See |6, p. 18]). The circle dot multiplication ® of a constant
value o and a function p € R is defined as

1
(0 ®p) (1) = ap(t) /0 (L+ p(®)hp())* b,

(7) 6@P<t? s) = €p(8,t) =

if it exists.

Example 2.1. Let p € R" and o = 1. Then

1 L p(t)
(zer)o=3 NiERTOITION
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_ A p(t)
= (VI 000 1) = ot

Note that by the definition of the dot multiplication,

We furthermore need the definition of periodicity for functions f : ¢"o —
R.

Definition 2.8 (See [4]). A function f : ¢ — R is called w-periodic
provided
f(t) = ¢“f(g“t) for all t € ¢™°.

3. THE BEVERTON-HOLT ¢-DIFFERENCE EQUATION WITH EXPLOITATION

The Beverton—Holt ¢-difference equation was presented in [4] as
v(t)K () (t)
(8) z(qt) = :
K(t) + (v(t) — 1)=(t)
where K : ¢No — R* is the carrying capacity, v : ¢"0 — (1,00) is the
intrinsic growth rate, and z : ¢ — R represents the population density.
Using the substitution a = =1, we obtain the logistic dynamic equation

25(0) = altyalar) (1 710r).
that is well studied in [5].

We introduce exploitation to (8) by the catch-per-effort hypothesis, which
yields

v(t) K (t)x(t)
K(t) + (v(t) = Da(t)’
where H : ¢"o — R* represents the harvest effort. When studying H (t), we
should be aware that the time intervals in the quantum calculus setting are

increasing. We can therefore express H more explicitly as H(t) = u(t)h(t).
This allows us to investigate the harvest effort reduced by the time stretching

property.
. . . =1 .
Applying the substitution a = U#—U to (9), we obtain

o K(0)z()
A0 2 = T e K () + a0

which is equivalent to
2(gt) K (1) — p(t)a(g)a(OK (1) + p(t)z(gt)alt)z
= K(t)a(t) — p(t)h(D)z(gt)K () + p2(t

(9) (1+ H(t)) z(qt) =

— u(t)h(t)z(qt),

S~—
ADN/-\
~

[\3\_/\_/
8

—~

()
o~

SN—

—~
o~

N—

o
~

S~—



44 OprTIMAL HARVESTING PoLICY

 a(at) gy ol0) (+ OR(E) — bt (o(0) + ()2
_ x(t)
1) 25(0) = s(at)alt) (1= J20r ) = Bt
where E(t) = % = —(6h)(t). Recall that the logistic differential

equation including exploitation is given in the similar form

t)
(1) = - 20N _ B,
210 =a(0a(0) (1~ 10 )~ Bl
The g-difference equation (11) is solved by using the transformation v = 1/,
which yields
a(t) h(t)

_ (
(12 B (0) = —a () + T+ T R

ie.,
a(t) (1 + p(t)h(t))
K(t)
This is in the form of a first-order g-difference equation with the solution
given in [5] by

uB(t) = (he (—a)) (tu(t) +

(13) u(t) = €hg(—a) (t,to)u(to) + / €ha(—a) (t,qs)a(S)(l + M(S)h(s))AS.

to K(s)

3.1. Existence and uniqueness Theorem. In this section, we are inter-
ested in providing conditions for the existence and uniqueness of a periodic
solution. We aim to prove the following theorem.

Theorem 3.1. Assume
(14)

K: ¢Mo — R* is w-periodic,

a: @0 — R is w-periodic and 0 < p(t)a(t) < 1 for all t € ¢,

h gV — R is w-periodic and 0 < h(t) < ©(—a(t)) for all t € ¢™o.
Then (10) has a unique w-periodic solution which globally attracts all positive
solutions.

Let us first present the following lemmas that will assist us in the analysis.

Lemma 3.1. If f,g € R are w-periodic, then f ® g and f O g is w-periodic.
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Proof. We have
¢ (f ®9) (¢°t) = ¢“(f(q*t) + 9(¢"t) + n(q”t) f (¢“t)g(q*t))
= (¢ f(t) + ¢ ¥g(t) + ¢ u(t)g“ f()g*g(t)) = (f ® g)(t)
for all ¢ € ¢"o. Also,

7" (©9)(q7t) = q
(69) (¢4 1+ u(q )g(qwt)
_ o T “g(t)
1+ ¢“nt)gg(t)
—9(t)
=~ = (99)(1),
OO
which completes the proof since f © g = f @& (Og). O
Lemma 3.2. If f € R is w-periodic, then
(15) er(g¥t, q¥to) = ep(t,to)  for all t € ¢
and
(16) er(q“t,t) = ef(q¥to, to)  for all t € ¢"°.

Proof. Let a,b € Ny such that ¢ty = ¢® and t = ¢*, and assume w.l.o.g.
t > ty. Then

b+w—1 b—1
es(at.a*to) = [T [1+n@)7@)] =TT [1+nld* )5 @)
i=a+w i=a
b—1
= H +aulg)a ™ f(a)] = [T 1+ (a7 (@)]
= €f(t,t0).

For the second equation, note that

er(q”t,t) = ef(q“t, ¢"to)es(q“to, t)

(15)
= es(t,to)er(q”to, t) = ep(q“to, to),

which completes the proof. O
Lemma 3.3. If (14) holds, then h & (—a) € RT.
Proof. We have
1+ p(@)(h & (=a))(t) = (L+ p()h(t)(1 — ut)alt)) >0
since pa € (0,1). O

Lemma 3.4. Assume (14). If B(t) := 35 (1+p(t)h(t)), then B(g°t) = B(t)
for all t € ¢Mo.
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Proof. We have

B01) = T 1 a0 = L (0 (o n0)
— 2 H(OR(0) = 500,
which shows the claim. g

Proof of Theorem 14. If T is any w-periodic solution of (10), then the cor-
responding periodic solution u of (12) satisfies u(t) = ¢~“u(g*t). Then

u(t) = ¢ “u(q“t) = ¢ “eng(—a) (¢t to)u(to)

q“t
+q_w/ eha(—a)(@“t, q5)B(s)As

to

= q “ena(-a) (@7t t)enp(—a)(t: to)u(to)

t
+q_w/ eha(—a) (@7t t)ena(—a)(t, g5)B(s)As

to

q“t
+q_w/ eha(—a) (@, t)enp(—a)(t, q5)B(s)As
t

16) _, w —
) 4 “ena(—a) (@ to, to)u(t)

q“t
+q_weh@(—a)(qwt07t0)/ eha(—a)(t, q5)B(5)As,
t

where §(s) := W We have

1 7t
17 u(t) = / enm(—a)(t, q8)B(s)As.
1) w0 = g | enea (a8

Conversely, the solution (17) satisfies u(t) = ¢~“u(g*t). To realize that, let
A= 7“ehp(—a) (to,q”to) — 1 # 0. Then we have

2w
—w q““t
q

) = T [ @ as)39)As
q

“i

—w 2w—1

=5 D nltd)ens(m (@t a T 0)B(¢')

_w w—1
q i+w w 4w i+w
= 5 D Mt ) ene(—a) (71 4TI B(g )
i=0
(15) 14 - . ,
=5 1(tq ) ena—a)(t, a1 B(q't)
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w

q“t
=5 erealtasp)ss = ).

Therefore the unique w-periodic solution of (10) is given by

-1

Z(t) = A (/tqwt Chad(—a) (t,QS)ﬁ(S)AS) ,

where A = ¢“epe(_a) (to, ¢to) — 1 # 0 and B(s) = %ﬁtg)h(s))

It is left to show that the w-periodic solution is globally attractive. Let
therefore x be any solution of (10) with zg > 0. Then

1
z(t) — 2(t)] =
€hd(—a) (t, to)ﬁ + ft]; Erd(—a) (t,qs)B(s)As
B 1
eh@(fa) (ta tO)j(io) + j:; eh@(fa) (ta qS)ﬁ(S)AS
€ha(—a) (tth) 117(10) - 55(10)
= 2
(5 enoion(t as)B(s)As)
1 1
ena(—a) (1 10) | 70007 — F0)
< K| —
(i —enat-a(t,45) (h & (—a)) As)
eha(—a) (t:10) |50y — =t
< ”KHgo (—a) (to) (to)

(1 — Chp(—a) (t7 tO))2

The last term tends to zero as ¢ — oo because —1 < u(t)(h & (—a))(t) <
0. Il

4. THE OPTIMAL SUSTAINABLE YIELD

In order to discuss the maximum sustainable yield, let us recall that in
quantum calculus, the time steps increase as time passes. To take this change
of time intervals into consideration, we analyze the average of the harvest at
each time step. This yields the formulation of the average of the sustainable
yield

Y(h) = — /q " Rt (1) At.

W(q - 1) to
Theorem 4.1. Assume (14). Then the sustainable yield over one period

1

H Ty

| nonwaana
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18 mazimal for
()" K
(m) oPre K’

«

(18) h* = 6ql° 6

where | = %@ (—a), m=16P, P= % with p(t) = Vt. The mazimum
sustainable yield is then
q“to K
Y(h") :/ wu(s) <m2> (s)As.
to «
Remark 4.1. The harvest yield has the property
v = st [ memeewar= s [ poneoa
= w(t)h()z(t t:/ w(t)h()Z(t)At
w(g—1) Sy, w(g—1) Ji=
for any t* € ¢"o.

In order to prove Theorem 4.1, the following lemmas will be useful.

Lemma 4.1. If f € R, then

—~
~
S~—

(19) efA/f(t, s) =

=

(s)

for s, t € ¢No.

Proof. Assume first t > s. Then

Alr (T
epap(t,s) = H [1+u(7)f ( )] = H () :&.

T€[s,t)NgNo f(T) T€[s,t)NgNo f(T) f(8>
If t < s, then
_ 1 _ 1 _f(®)
1) = oD T FO® )
and if ¢ = s, then eya /4 (2, s) = 1. O

Lemma 4.2. Let p: ¢"° — R, p(s) = /5. Then the function % N SR
18 w-pertodic for any w > 1.

Proof. Let w > 1. Then

WP (g%t w< (p"(qwt) 1 )
p

p(gt) ¢“t)p(qt)  (g“t)

oo Vet _< Vi 1 >_p%)
“C\EnvEt T ea)) T \uve ) T e

which completes the proof. O

q
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Lemma 4.3. Ifl € R, then
(20) eqo(t,s) = e(qt, qs).
Proof. Let i,n € Ny such that t = ¢ and s = ¢". Then for t > s

i—1 A
e (ts) = [T L+ m@)al@™)] = T [t +md)ie))] = elat, g9).
j=n j=n+1

For t < s,
(ts) = — L gt as)
eqe(t,s) = = qt,qs
a eqo(s,t)  elgs, qt)

and if t = s, then ego(t,5) =1 = ¢;(qt, gs). O
Lemma 4.4. Let m,l, P be defined as in Theorem 4.1. Then

(21) em(to, 4“to) = Vg ei(to, ¢“to).

Proof. We have

em(to, ¢“t0) © ei(to, ¢“to)esp(to, ¢“to) © ei(to. ¢“to) Vo
which completes the proof. U
Lemma 4.5. Let m, [, P be defined as in Theorem 4.1. Then
(22) (14 u(@)1(t) = Va1 + p(t)m(2)).
Proof. We have

Lt utym(t) = 14+ p(t)—~ P(ti 1+ p(t)it)

1+ p()P(t) 1+u() (¢

+ p(t t)(t
- cr(t ’
p(t) va
which shows the claim. g
Lemma 4.6. Let m,h* be defined as in Theorem 4.1 and (14). Then
(23) A= AR") = em(to, ¢“to) — 1.

Proof. We have
A(R*) = ¢¥e—a@n~(to, q"to) — 1

_ e w, \P(g7t0) K(¢to) m(g“to)x(to)
~ astear o 0 G K ) aleto)mito)

= ¢“eigioqge (to, ¢“to)vVqvq™”
= ¢ei(to, ¢“to)Vq¥q ¥ — 1

- (21)
= ¢”ei(to, ¢*t0)Va°q ¥ — 1 = em(to, ¢"to) — 1.
This completes the proof. O

-1
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Lemma 4.7. Let m, h* be defined as in Theorem 4.1. Then
(24) en (40, to) = em(to, ¢to)-
Proof. We have

p(to) K(to) a(q“to)m(to)
p(g“to) K(g“to) m(q“to)a(to)
= ey(to, qwto)\/z—wq}w = ei(to, ¢“to)vVq*

21
(:) Em (th qwtO)'

Lemma 4.8. If F : ¢"0 — R satisfies F(q“t) = ¢ 2 F(t), then
¢“*'to 7“to
(25) / LE ()AL = / LE (1AL
q

to to
Proof. W.lo.g., let tg = ¢° = 1. Then

qw+1t0 w
[, Ese= Y uaaE
qto

= Zu ") ) + 1(g“t0)q” F (¢ to)

(19)
en=(¢“to, to) = eoqio (¢“to, to)

= Z 1(q") ) + u(to)F(to)

:Zu(q”)q”F(qn) :/q RIAOINS
n=0

to
which proves the statement.
Lemma 4.9. Let G € R be w-periodic. Then

(26) / T G (t)AL = / " awar

to to
Proof. W.lo.g., let to = ¢° = 1. Then

q“to w—l
/ gG7 ()AL= p(q")eG(g" )
to n=0

w w—1
= ulgM)G(g") = > m(q")G(q") + n(g“to)G(g“to)
Zii - q“to
= 3wl + lto)G Z WG = [ G
n=1 to

The proof is complete.
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Proof of Theorem 4.1. We use the notation: | = 3 ® (—a). Then [ is w-
periodicand [ &l = —a. Let m =l Pandn=1® P. Then m®n = —a.

We apply the weighted Jensen inequality [19] (see also [1]) in the following
way

A

q“to
(¢ — DwY (k) = / H(E)h()— SR
f T e n(at, gs) SCUHEIED A

(6) q“to )\
S RTOTIO At

N A em(ats g5)en(at, as)en(at, s) fr o As

At

w g1t K(s)m?(s)
<A / h ()h(t) =~ emon(gt, gs)en(s, qt) =3~ As

7]
o (5 em(qt,qs)m(s) As)?

At

qw

w s K(s)m?(s)
() /q to L) g 1¢n(s, qt)ﬁAs
to (1 - em(t07 qwtO))

At

A wzl Z w(@)en(d, ¢ K (¢ )m? (¢’)
)2 2 -

(1= em(to, ¢¥t0))? S Ja(g?)

j—1

Ag—1) wquqJKqJ 7’) } g o
_(1—6(750 1) {Z i )ZM(Q)h(Q)Gh(QJaqH)

1=0

Jj=w+1 ) =j—w

_ Ag—1) T K (s)m(s) [
= 0 en (o g"t0))? {/qto s ) / h(T)en(s,qr)ATAs

2w—1 j j j j w—1 ) . o
+ Z /.Lq qKQ) (Q) Z M(qz)h(qz)eh(q]’qwrl)}

to

4 /q e SW / T men(sq. qT)ATAs}

to «

® _ Ma-1) { / (K (9)m?(s)

(1 —em(to,94“%0))* | Jato a(s) [en(s,to) — 1As

q“to s)m2(s
+/q SK(OB(S)()[eh(sqw, s) — eh(sqw,toqw)]AS}

to

Ag — 1) / L (5)m?(s)

(0= emllo, a10)) Jurg als)  len(d”to o) — 1]As
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© Nen(“to,to) = 1)(g— 1) / JEm)
19) (1 — q*2e1(t0, ¢“t0))?  Jyto a(s)
q“ Tt 2 q“to 2
S M LU N PRI
ato a(s) o a(s)
where we have used that

/\[eh(q“to,to) — 1] <1
(1 —¢“2e(to, ¢*t0))? ~

To realize this, note that

[¢“ eimian(to, toq™) — 1]eicion(to, ¢“to) — 1]
< g”ef(to, ¢°to) — 2¢°"*ei(to, ¢“t0) + 1,

ie.,
¢“eian(to, tog”) + ecion(to, ¢“to) — 2¢°/? > 0,

ie.,

2
(qw/Q\/el@h(th tog”) — \/€eleh(to,qwto)) > 0.

Now, we show that the optimal harvest yield is obtained at h*:

w(t)h* (E)A*
- At
) a(S)(HI-(#((S)h () A g

wla =1y () = [

qw+1t
to i e—amnr(qt,gs

o [ WD ()N N
to f

19 Wil S) m(s)x als
(19) q(i Ye_a(qt, qs)esqe (gt, s)eap(qt, s) If(f((qt)) a((s))mggg K((S)) As
@ . / pOh* (B)m(at) gty N
- w+1
to qut "eiai(at, gs)eci(g®t, as)ecp(at, qS)%m(s)As
w K(qt)

ey, [T (el Gy (1 alat)igh)
=" \"\/q w(t)h*(t) qW+1t(qt) At

to g em(at,gs)m(s)As
&y [ o (t)m<qt>§é§3<1 + ugt)l(gt))
oV L= en(gt,q* )
(23) a*to K (qt)

D Vi [ nom tman) T 0+ uanian) At

——va [ uomta )

{R* (1) (1 + p(t)gl(qt)) + ql(qt) — ql(qt) At}



MARTIN BOHNER AND SABRINA STREIPERT 53

_ o P KA ()7
__\// <@peK@ m)(t)At
+V4 /t Oq p(qt)l(gt)m(qt) 5(((?;)) At
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which completes the proof. O
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Example 4.1. Let us consider the case of w = 1,1i.e., K(t) = ¥ and a(t) = ¢

for some positive constants x, o, with 0 < a < %1 Theorem 4.1 provides
the optimal harvest effort that maximizes the average of the sustainable
yield

1 tog”
Yh:/ u(t)h(t)z(qt) At
(W)= an ), OO
as A A
h*:@ql"@P@(Em) @K?,

(6%
where [ = 2 © (—a), m =16 P, P = % with p(t) = v/t. In the case of
one-periodic coefficients, which refers to the constant coefficients case in the
continuous and discrete model, h* simplifies to

h*=ol® P.
To realize that, observe first that
oql° (t) = Sl(t)

because
0 qo(qt)
—ql(t 14++/1—p(qt)a(qt)
Oql7(t) = =
14 u(t)qlo(t) 1 o —alat)
+nla )1+ 1—p(qt)o(gt)
_ qa(qt)
1+ /1= p(gt)alqt) — plqt)e(qt)
0
= =ol.
SV ST OCEOE
In the case of constant coefficients, we have
K2 1
This is true because
KA ~K2@t)  —1 K(t —1 &
<@>(t): O_ L, KO __ -l i
K K(qt) — p(t)  p)K(qt)  p@)  plt)g

_—1+ q _q—l_ q—1
Copt)  op@) o op) o (g- 1t

Finally, note that

A
W =cle
p
because
A A pA(t)_l L(M_l)_l
p(t)el_p(t)gl_ pit)  t _ w®) \ p®) t
p) Tt pt) Tt 1+ ()l g
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2611<(\q/a_1)1t_1) N (qll)t (ﬁq_l _q21>
) )

A1) PR ()

p(qt) p(t)

For example, if we chose T = 20 and one-periodic coefficients, then
\/571 4 «

P-1 t 14++/T—p(t)a(t)

1+ pul 1—N(t)m

Note that h* is a one-periodic function, i.e.,

h*(t)

a
N H V214 14+4/1-(g—1)a
h*(t)=—, H= o ,
: [ Py p——
1+4/1—(g—1)a
where a = ¢. Figure 1 shows the optimal harvest effor and also
h . F 1 sh the optimal h t effort h* and also A*

without the time-stretching factor, i.e., h*t = H for a = ¥ and a = 0.3.

=18
08t
Vire e L [ ] *
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z
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S 04r
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02t %
01t g
. Gl * K

1 n 1 L 1
1} 5 o 15 20 25 T )

time:

FIGURE 1. The optimal harvest h* (stars) and h*t = H (dots).

Figure 2 shows the relation of h* with respect to the growth rate o reduced
by its time-stretching character, i.e., at = a. Note that this is a similar
behavior as in the case T = Z with constant coefficients, where the optimal
harvest effort h* had the behavior with respect to the one-periodic/constant
growth rate as visualized in Figure 3. The difference in the values is caused
by the fact that hA* is expressed without the time-stretching factor.
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